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Abstract:
This is the first partof what will bea two-part review of distributionfunctions in physics.Herewe deal with fundamentalsandthe secondpart

will deal with applications.We discussin detail thepropertiesof thedistributionfunction definedearlierby oneof us (EPW)and we derivesome
new results.Next, we treat various other distributionfunctions. Among the latter we emphasizethe so.calledP distribution, as well asthe
generalizedP distribution,becauseof their importancein quantumoptics.

1. Introduction

It is well known that the uncertaintyprinciple makes the concept of phase spacein quantum
mechanicsproblematic.Becausea particle cannot simultaneouslyhave a well definedposition and
momentum,onecannotdefinea probability that aparticle hasa positionq anda momentump, i.e. one
cannotdefine a true phasespaceprobability distribution for a quantummechanicalparticle.Nonethe-
less, functionswhich bear someresemblanceto phasespacedistribution functions, “quasiprobability
distribution functions”, haveproven to be of greatuse in the study of quantummechanicalsystems.
They are useful not only as calculational tools but can also provide insights into the connections
betweenclassicaland quantummechanics.

The reasonfor this latter point is that quasiprobabilitydistributions allow one to expressquantum
mechanicalaveragesin a form which is very similar to that for classicalaverages.As a specific example
let us considera particle in one dimensionwith its position denotedby q and its momentumby p.
Classically,the particleis describedby aphasespacedistributionPc,(q,p). Theaverageof a functionof
the position andmomentumA(q,p) can thenbe expressedas

(A)c! = J dq J dpA(q,p)Pc1(q,p). (1.1)

The integrationsin this equationare from —~ to +~. This will be the casewith all integrationsin this
paperunlessotherwiseindicated.A quantummechanicalparticleis describedby a densitymatrix ~5(we
will designateall operatorsby a ~)and the averageof a function of the position and momentum
operators,A(4, j3) is

(A>quant = Tr(A15) (1.2)

(Tr O meansthe traceof the operatorO). It mustbeadmittedthat,given a classicalexpressionA(q,p),
the correspondingself-adjoint operatorA is not uniquely defined— and it is not quite clear what the
purposeof such a definition is. The use of a quasiprobabilitydistribution,P0(q,p), however,doesgive
such a definition by expressingthe quantummechanicalaverageas

(A)quant = J dq J dpA(q,p)Po(q,p) (1.3)

wherethe function A(q,p) can bederivedfrom the operatorA(4, j3) by a well definedcorrespondence
rule. This allows one to cast quantummechanicalresultsinto a form in which they resembleclassical
ones.

The first of thesequasiprobabilitydistributionswas introducedby Wigner [1932a}to studyquantum
correctionsto classicalstatisticalmechanics.This particular distribution hascometo be known as the
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Wignerdistribution,t andwe will designateit as P~.This is, and was meantto be, a reformulationof
Schrödinger’squantum mechanicswhich describesstatesby functions in configuration space. It is
non-relativisticin naturebecauseit is not invariant underthe Lorentzgroup; also, configurationspace
quantummechanicsfor morethan oneparticlewould bedifficult to formulaterelativistically. However,
it has found many applicationsprimarily in statisticalmechanicsbut also in areassuch as quantum
chemistry and quantum optics. In the case where P0 in eq. (1.3) is chosen to be P~,,then the
correspondencebetweenA(q,p) and A is that proposedby Weyl [19271,as was first demonstratedby
Moyal [1949].Quantumoptics hasgiven rise to a numberof quasiprobabilitydistributions,the most
well-known being the P representationof Glauber[1963a1andSudarshan[1963],which havealsofound
extensiveuse. As far as the descriptionof the electromagneticfield is concerned,thesedo exhibit
(special)relativistic invariance.Other distribution functionshavealso beenproposed(Husimi [19401;
Margenauand Hill [19611;Cohen [1966])but havefound more limited use,although, more recently,
extensiveuse hasbeenmadeof the generalizedP representationsby Drummond,Gardinerand Walls
[1980,1981]. In this paperwe will discussthe basicformalismof thesequasiprobabilitydistributionsand
illustrate them with a few simple examples.We will defer any detailedconsiderationof applicationsto a
later paper.

We now proceedto the basic problem: how do we go about constructinga quantum mechanical
analogueof a phasespacedensity?Let us againconsider,for simplicity, a one particlesystem in one
dimensionwhich is describedby a density matrix f.5. In this paperwe will work, for simplicity, in one
dimension; the generalization to higher dimensionswill be given in a few cases but is in most
circumstancesobvious.It is possibleto expressthe positionandmomentumdistributionsof the particle
as

P~0~(q)= Tr(,~i8(q— 4)) (1 .4a)

Pmom(P)= Tr(15 6(p— j3)) (1.4b)

where6(q — 4) is the operatorwhich transforms q’) as follows:

—4) q’) q) ~q~q’)= S(q — q) ~q’) (1.5)

and similarly for ~(p — j3). We introducethe function p(q’, q”) definedby

p(q’, q”) (q’~1ô~q”)= wA c/’A(q’) tIJA(q) (1.6)

where WA is the probability of the systembeing in the statet~JA,andthe {t~’A} form a completeset. Then

P~0~(q)= p(q, q) (l.7a)

and

Pmom(p)= (2~)’ J dx J dx’ p(x, x’) exp{ip(x’ — x)/h}. (1.7b)

t We usethis designationhereand throughout thepaperdespitethestrenuousobjectionsof one of us since the majority of us feel we should
adhereto what is now common nomenclature.
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To show that this correspondsto the usual definition we will examineP~~(q).We havethat, in the

Diracbracketnotation,

P~5(q)= Tr(ji ô(q — 4)) = J dq’ (q~j3~(q — 4)jq’)

= Jdq’ ~(q - q’) (q’I~Iq’)= (qIj5Iq) (1.8)

which is a moreconventionalexpressionfor thepositiondensity.A first guessfor somekind of a phase
spacedensitymight then be

P1(q,p)=Tr(13c5(q—4)ö(p—j3)). (1.9)

On the otherhand,we might chooseinstead

P2(q,p) = Tr(13 ô(p — j3) ô(q —4)). (1.10)

But theseexpressionsare not equaland althougheither of them, or a combinationof both, could be
used to evaluateexpectationvalues of functions of 4 and j3 (provided the operatorsare ordered
properly, the ordering for P1 being different thanthat for P2), they do not possesswhat we regard as
desirableproperties(seesection2). In fact, they are, in general,not real.

The associationof distribution functionswith operatorordering rules (or, equivalently, the asso-
ciationof operatorswith classicalexpressions)is onewhich will recurthroughoutthis paper.Eachof the
distributionfunctionswhich we will discusscan be usedto evaluateexpectationvalues of productsof
operatorsorderedaccordingto acertainrule. We will considerdistributionfunctionswhich can be used
to computeexpectationvaluesof productsof the position andmomentumoperators4 and~ô,andalso
distributionfunctionswhich can be usedto computeexpectationvaluesof prod...ctsof the creationand
annihilationoperators,â~and a. The latter are useful in problemsinvolving electromagneticfields.
Becausethecreationandannihilationoperatorsaresimply relatedto 4 andj3 thereis a relationbetween
thesetwo types of distribution functions.The Wigner distribution, for example, hasproveduseful in
both the a, â~and j3, 4 contexts.The basic criterion for the choice of a distribution function for a
particularproblem is convenience.

In the nexttwo sectionswewill continueto examinedistributionfunctionsexpressedin termsof both
the positionand momentumvariables.TheWignerfunction, P~,will be discussedfirst in section2 for
not only was it the first quantummechanicalphasespacedistribution to be considered,but also it
satisfiesa numberof propertieswhich makeit quiteusefulin applications.First of all, wewill discussits
propertiesandthenshowthat Wigner’sdistributionfunction gives the sameexpectationvalue for every
function of p andq as does the correspondingoperator,as proposedby Weyl [1927],for the density
matrixwhich describesthesamestateto which the distributionfunction corresponds.Aswas mentioned
before,this was first observedby Moyal [1949].Next we derive an equation,in many different forms,
for the time dependenceof P~.Finally, we apply the formalismwe havedevelopedto the calculationof
P~for the eigenstatesof the harmonic oscillator and also for the caseof a canonical ensembleof
harmonicoscillatorsattemperatureT.

In section3 we discussdistributionfunctionsotherthanP~which correspondto operatorordering
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schemesdifferent from that of Weyl—Wigner.Then in section4 we treat distribution functionsin terms
of creation andannihilationoperators,with emphasison normal, symmetricandanti-normalordering.
In particular, we emphasizethe normal ordering from which arisesthe well-known P distribution of
quantumoptics. We alsodiscussthe generalizedP representations.Finally, in section5 we presentour
conclusions.

Applications will be treatedin a future paper but we would be remissnot to mention the recent
extensivereview of quantumcollision theory usingphasespacedistributions (Carruthersand Zachari-
asan [1983])and the work on relativistic kinetic theory—in addition to extensivediscussionson the
Wigner—Weylcorrespondence—by the Amsterdamgroup(Suttorpandde Groot [1970];Suttorp [1972];
de Groot [1974];de Groot, van Leeuwenand van Weert [1980]).Also, a brief overview of some
applicationsis presentedin O’Connell [1983a,b].

2. Wigner distribution

2.1. Properties

In a 1932 paper(Wigner [1932a])the distribution

P~(q,p)=~f dy(q—y~pq+y)e2’°~ (2.1)

was proposedto representa systemin a mixed staterepresentedby a densitymatrix ,ó. In the caseof a
purestate,t~i,it follows from eq. (1.6) that p(q’, q”) = ~i(q’)çfj*(q!*) andhence

P~(q,p) = ~ J dy ~fr*(q+ y) ~i(q— y) e2”~. (2.2a)

The latter result refers to onedimension.In the caseof more than onedimension,the i,h must be
replacedby (lTh)”, wheren is the numberof the variablesof t/i (or the numberof variablesof the rows
or columnsof ,5) andq, y andp are n-dimensionalvectors,with py the scalarproductof the two. The
integrationis then over all componentsof y. Explicitly, eq. (2.2a)generalizesto

~ J f dyi..dy~~*(qi+yi,...q~+y~)

~ (2.2b)

It was mentionedthat this choice for a distribution function was by no meansuniqueand that this
particular choice was madebecauseit seemedto be the simplest of those for which each Galilei
transformationcorrespondsto the same Galilei transformation of the quantum mechanical wave
functions.In later work Wigner [1979]returnedto this issueby consideringpropertieswhich onewould
want such a distribution to satisfy.He thenshowedthat the distributiongiven by eq. (2.1) was theonly
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onewhich satisfiedtheseproperties.A subsequentpaperby O’Connell andWigner [1981a]considered
a somewhatdifferent list of propertiesandshowedthat these,too, led to the expressionin eq. (2.1).

Thepropertiesfor a distributionfunction, P(q,p),which wereconsideredof special interest,for the
caseof a pure state(generalizationto the caseof a mixed stateis straightforward),are as follows
(O’Connell andWigner [1981a]):

(i) P(q,p) shouldbe aHermiteanform of the statevector t~i(q),i.e. P is given by

P(q,p) = (~!4Ps~(q,p)Ii/i) (2.3)

whereA~I(q,p) is a self-adjoint operatordependingon p andq. Therefore,P(q,p) is real.
(ii)

JdpP(q,p)= I’fr(q)12= (qI~5Iq> (2.4)

Jdq P(q,p) = (pIp~Ip) (2.5)

Jdq J dpP(q,p)= Tr(
15)= 1. (2.6)

(iii) P(q,p) should be Galilei invariant, i.e. if ~/i(q)-+ i/i(q + a) then P(q,p) -+ P(q+ a, p) and if
i/i(q) -* exp(ip’q/h)t/i(q) then P(q,p) -~ P(q,p — p’).

(iv) P(q,p) should be invariant with respectto spaceand time reflections, i.e. if ~‘(q)-+t/i(—q) then
P(q, p)-~P(—q,—p) andif ~i(q)~+cl,*(q) thenP(q,p)-* P(q, —p).

It shouldbe admitted,however,that neitherof thesetransformationsis relativistic andalsothat they
do not yet involve the spin variable.

(v) In the force-freecasethe equationof motion is the classicalone

(27)
t9t m3q

(vi) If P,,,(q,p) and P4,(q,p) are the distributions correspondingto the states 4!I(q) and 4(q)
respectivelythen

Jdq ~/j*(q)4~(q)~2 = (2irh) J dq J dpP~(q,p) P,1,(q,p). (2.8)

Property(vi) hastwo interestingconsequences.If we set ~(q) = ~/i(q)we get

J dq J dp [P.~,(q,p)]
2 = ~-~- (2.9)

and,in the caseof a mixedstate,the right-handsideof eq. (2.9) is multiplied by ~ w~wherethe Wk are
theprobabilitiesfor the differentstates(the characteristicvaluesof j3). This implies that P

51,(q,p) is not
too highly peakedand rules out such distributions as P~,(q,p) = ~(q— 4) ô(p — j3) which would be
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possibleclassically.We can alsochoose~ and t/i so that theyareorthogonal.We then havethat

J dq J dpP~(q,p)P~(q,p)=0 (2.10)

which implies that P(q,p) cannotbe everywherepositive. This conclusionis actually rathergeneral.
Wigner [1979]hasshown that any distribution function as long as it satisfies properties(i) and (ii)
assumesalso negativevaluesfor somep and q.

(vii)

J dqjdpA(q,p)B(q,p)=(27rh)Tr(AB) (2.11)

whereA(q,p) is theclassicalfunction correspondingto the quantumoperatorA, andis given, according
to Wigner’sprescription,by

A(q,p)= fdz e’~(q-~z~A~q+~z) (2.12)

so that ff dq dpA(q,p) = 2lTh Tr(A). A similar relation existsbetweenB(q,p) andB.
The proof of eq. (2.11) will be shownbelow to follow as a particularcaseof a moregeneralrelation

(eq. (2.23)) for F(q,p), in terms of A(q,p) and B(q,p), where F = AB. From eq. (2.12), it is at once
evident that the phase space description A(q,p) of the operator A is real if A is seif-adjoint
(Hermitean)and is imaginaryif A is skew Hermitean.Since in neithercasedoesA(q,p) vanish, it is
evidentthat if it is real, its operatorA is self-adjoint, if it is imaginary Ais skew symmetric. It is also
evidentthat the phasespacedescriptionof the HermiteanadjointA~of A is the complexconjugateof
the similar descriptionof A. Similarly, if the phasespacedescriptionsof two operatorsare complex
conjugatesof eachother, thenthe operatorsareHermiteanadjointsof eachother.

By comparisonof eqs. (2.1) and (2.12), it is clear that P(q,p), derivedfrom the density matrix, is
(2i~-h)1times the phasespaceoperatorwhich correspondsto the samematrix. Also, for A =~5and B
equal to the unit matrix, eq. (2.6) immediately follows from eq. (2.11). Furthermore,for B = p~,eq.
(2.11) reducesto

f dq J dpA(q,p) P~(q,p) = Tr(
15 A(4,j3)), (2.13)

which is equivalentto eqs. (1.2) and (1.3). This result was originally obtained(Wigner [1932])for the
specialcaseof A being the sum of a function of j5 only and a function of 4 only but Moyal [1949]
showed it was actually true in the casewhere A is any function of 4 and j3, if A(4, j3) is the Weyl
operator(discussedbelow in section2.2) for A(q,p). In addition,if we takeA = B = ~5in eq. (2.11) and
usethe fact that, if ~$representsa pure state,Tr(j5)

2 = Tr
15 = 1, we obtaineq. (2.9) again.

(viii) If we definethe Fourier transformof the wave function

~(p)= (2~)’ fdq~(q)e~~5, (2.14)



M. Hillery etal., Distribution functionsin physics:Fundamentals 129

then eq. (2.2a)can be re-writtenin the form

P(q,p) = (~)~1 J dp’ q~*(p+ p’) qS(p- p’) e2~~’m, (2.15)

exhibiting the basicsymmetryunderthe interchangeq*+p.
It may be worth observingalso that the contractionof the distribution function from n to n — 1

variables

J J P(q~, . . . q~-
1, q~Pt,... pn~i,pn) dqn

(~h)~

xexp[2i(p~y1+.. +p~..5y~5+p~y~)/h]dy1. dy~_~dy~dq,. dp~

x exp[2i(p~yi+” +p,,_~y,,.1)/h] i5(y~)dy1. ~dy~_1dy~ dq~

(n1J...J[p(qiyi,...qntynt,qn;qi+yt,...qni+yni,qn)dqnl

xexp[2i(p~yi+ + ~ y~_i)Ih] dy1” dy~_~ (2.16)

gives the distribution function which correspondsto the properly contractedp (in squarebrackets).
Actually, this is true alsofor the otherdistributionfunctionswhich will be consideredin section3.

Wigner in his 1971 paper also showedthat properties(i)—(v) determinedthe distribution function
uniquely.O’Connell andWigner [1981a]showedthat properties(i)—(iv) and(vi) alsoaccomplishthis. In
both casesthe distributionfunction was that given by eq. (2.1).

Finally, we draw attentionto two restrictionson the distribution function discussedabove.First of
all, as alreadymentioned,it is non-relativistic.Secondly,not all functionsP(q,p) areallowed, aswewill
now demonstrateby turning to the questionof the admissabilityof P and asking what condition is
necessaryso that P implies the existenceof the densityfunction j

3, the expectationvaluesof which are,
naturally,positive or zero.Our starting-pointis eq. (2.2a)from which it follows that

J dp e2’~P(q,p) = p(q - y, q + y). (2.17)

Hence,changingvariablesto u = q + y andv = q — y, we obtain

p(v, u) = J dp ~ P(~(u+ v), p). (2.18)

We remarkthat sincep on the right-sideof eq. (2.18) is a dummy variableit is clear that it could be
replacedby q.

Now the condition for P(q,p) to be a permissibledistribution function is that the corresponding
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densitymatrix be positivedefinite, i.e.

J dx f dx’ ~*(x) p(x, x’) ~i(x’) 0 (2.

for all i/i. Using eq. (2.18) andeq. (2.19a),it follows that the conditionthat P(q, p) be permissibleis that

J dqf dpP(q,p) P’(q, p) � 0

for anyP’(q, p) which correspondsto a purestate.This is evidentalreadyfrom eq. (2.8). It alsofollows
from eq. (2.11) and the fact that Tr(1315’)�O.Eq. (2.19b) holds, of course,for any P’ which is itself
permissiblebut the permissibilityof P follows alreadyif it is valid for all P’ which correspondto a pure
state.

Eight propertiesof the distribution function were discussedabove, eqs. (2.3) to (2.16), with the
emphasison the useof this function to form anotherdescriptionof a quantummechanicalstate,i.e. be
a substitutefor the densitymatrix. Justas eq. (2.1) permitsoneto give a phasespaceformulation to the
densitymatrix i~,weemphasizethat eq. (2.12) permitsone alsoto give a phasespaceformulationto any
matrix—oroperator—andit maybe usefulto considerthe propertiesof eq. (2.12).

In particular, we wish to derive an expressionfor the function F(q,p) which correspondsto the
productF = AB of two operatorsA andBto which the q, p functionsA(q,p) and B(q,p) correspond.
We assumethat the operatorsA and B are matrices, the rows and columns of which can be
characterizedby a single variable,but the generalizationto a many-dimensionalconfigurationspaceis
obvious.We can write, therefore

F(x,x”) = JA(x, x’) ~(x’, x”) dx’. (2.20)

Analogousto eqs. (2.17) and(2.18), eq. (2.20)can be written as (taking h = 1 for this derivation)

f dp1F(~(x+ x”), Pt) e~’~”~= (2~1 fff dx’ dp’ dp” A(~(x+ x’), p’)

x B(~(x’+ x”), p”) ~ . (2.21)

Substitutingx = q + q’, x” = q — q’, multiplying with e~
2**?’~~andintegratingover q’ oneobtains

F(q,p) = 2 (2~2 JJJJdq’ dx’ dp’ dp” A(~(q+ q’ + x’), p’) B(~(q— q’ + x’), p”)

X exp{—iq’(2p — p’ — p”) — i(p” — p’) (q — x’)}. (2.22)

Introducingfinally new variablesy = ~(q+ x’), y’ = ~q’,p’ = p — p’, p” = p + p’, oneobtains

F(q, p) = 16 (2~2 J JJ Jdy dy’ dp dp’ A(y + y’, p — p’) B(y - y’, p + p’)

x exp{—4i y’(p — p) — 4i p’(q — y)}

= 16(2~)_2JJJJdy dy’ dp dp’ A(q + y+ y’, p + p — p’)B(q + y — y’, p + p + p’) e41~°~’~’~.

(2.23)
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This expressionfor F(q,p), which is a new result, also showsthe similarity of the roles of p andq in
Hamiltonian mechanics.In the next subsection,anotherexpression(eq. (2.59)) for F(q,p) will be
presented.

If we integrateF(q,p) in eq. (2.23) overq andp, we obtain

J J F(q,p) dq dp = 16 (2ir)2 ffJJdy dy’ dp dp’ A(y + y’, p - p’) B(y - y’, p +

x exp{4iy’p+ 4ip’y} (4ir2/16)~(y’) ö(p’). (2.24)

Hence

JJF(q,p) dq dp = ff A(q,p) B(q,p)dq dp. (2.25)

Since the left-handsideof this equationis the sameas (2i~h)Tr(P),it is clear that eq. (2.25)is thesame
as eq. (2.11). In the case of n dimensions, the nth power of (4/rr2) appearsin the expression
correspondingto eq. (2.23).

Eq. (2.23) providesalsoa meansto ascertain,in termsof the phasespacedescriptionsof A andB,
whetherthesetwo operatorscommute.Naturally, the condition for the commutativenatureis

f JJJdy dy’ dp dp’ A(y + y’, p - p’) B(y - y’, p + p’) exp{-4i y’(p - p) — 4i p’(q —

= J ff1 dy dy’ dp dp’ B(y + y’, p — p’) A(y - y’, p + p’) exp{—4i y’(p — p) — 4i p’(q — y)}.

(2.26)

Since this is valid for all p and q, the integration over the variableswhich are their factors in the
exponent(i.e. y’ andp’) can be omitted.This gives as conditionfor the commutability of A andB (we
replacey, y’ by q, q’ andp, p’ by p, p’):

f J dp dq [A(q + q’, p - p’) B(q — q’, p + p’) - A(q - q’,p + p’) B(q + q’, p -

x exp{4i(q’p + p’q)} = 0, (2.27)

a somewhatunexpectedexpression.
The last quantummechanical relation that will be translatedinto phase spacelanguageis the

equationA
15 = A~5specifyingthat the wave functionsof which ~5consistsare characteristicfunctions

(eigenfunctions)of A with the characteristicvalue A. Whether 5 containsonly one or more such
characteristicfunctionsdependswhetheror not its phasespacerepresentation,P~,satisfieseq. (2.9), i.e.
whetherits squareintegral is equalto or smallerthan (2ir~)

1.
The A

15 = A15 relation, with ~5representedby P~,reads,accordingto eq. (2.23), in phasespace
language:
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(4/~2)JJ Jf dy dy’ dp dp’ A(y + y’, p — p’)P~(y- y’, p + p’) exp{4i y’~— p)+ 4i p’(y - q)}

=AP~(q,p). (2.28)

In order to simplify this, one can multiply with exp{4i(q’p + p’q)} andintegrateover p andq to obtain,
substitutingalsoq andp for the integrationvariablesy andp,

Jf dq dp A(q+ q’, p — p’) P~(q- q’, p + p’) exp{4i(q’p +

= A J J dq dpP~(q, p) exp{4i(q’p + p’q)}. (2.29)

Both eqs. (2.27) and (2.29) are a good deal morecomplicatedthan the quantummechanicalequations
for which theysubstitute.It is questionablewhethertheyarereally useful. We thoughtthat theyshould
be derived in spite of this becausethe final form is considerablysimpler than the original one and
becausethey clearly demonstratethe essentialphasespaceequivalenceof q and p. It may be worth
remarkingfinally that in the caseof severaldimensionsall variablesshouldbeconsideredas vectors,and
productslike q’p or p’q shouldbe replacedby scalarproductsof thesevectors.

2.2. Associatedoperator ordering

We will now discuss the connection between a classical function of q and p and a quantum
mechanicaloperatorwhich is supposedto correspondto it. Theresult of themeasurementof a quantum
mechanicaloperatoris well defined: it is supposedto transfer the stateof the systemon which the
measurementis carriedout into one of the characteristicvectorsof the operatorin question,andthe
probabilitieswith which the different characteristicvectorswould result from the measurementare also
well defined.They arethe squaresof thescalarproductsof the normalizedinitial stateof the systemon
which the measurementis carriedout andof the operator’snormalizedcharacteristicvector into which
the stateof the systemis transformed.It must be admitted, even in this case,that, given an arbitrary
operator,it is in many casesdifficult, in othersimpossible,to constructan apparatuswhich can carry out
themeasurement,i.e. the desiredchangeof the stateof the systemon which the measurementis to be
carriedout.

But as far as the measurementof a classicalfunction of p and q is concerned,no similar postulate
existswhich can be formulatedin classicalterms. But Weyl did proposethe associationof a quantum
mechanicaloperatorto everyfunction of q andp anddefinedthe measurementof the classicalquantity
asbeingidenticalwith the abovedescribedquantummechanicalmeasurementof the operatorwhich he
associatedto the classical function of q and p. This associationwill be describedbelow. What is
remarkable,however,and what hasbeen first pointed out by Moyal [1949],is the close connection
betweenWeyl’s proposaland the distributionfunction as definedabove. In particular,the expectation
value of the result of the measurementof the operatorA, which Weyl associateswith the classical
function A(q,p) if carriedout on a systemin the state ~i,

(~AI~)= f dq J dpP~(q, p) A(q, p) (2.30)
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is equalto the expectationvalueof theclassicalfunction A(q,p) to whichA correspondsassumingthat
the systemis describedby the distributionfunctionP~(q,p) which correspondsto ~5.This is the content
of eq. (2.30) and it is valid, as will be demonstratedbelow, for everystatevector ~(i and alsofor any
densitymatrix ~5

Tr(15A) = f dq J dpP~(q,p) A(q,p). (2.31)

Actually eq. (2.31) is an easyconsequenceof eq. (2.30) andonly the latterwill be provedbelow.
In order to prove eq. (2.30),westartwith Weyl’s expansionof A(q, p) into a Fourier integral(taking

= 1 for the purposeof this proof):

A(q,p)= f doj dra(o, r)e’~”. (2.32)

Weyl thendefinesthe operatorwhich correspondsto the exponentialin the integrandon the right-hand
sideof eq. (2.32) as exp{i(o4+ rj3)}. The operatorwhich correspondsto A(q,p) is thengiven by

A(4, j3) = J do Jdra(o, r) exp{i(u4+ rj5)}. (2.33)

If we substitutethis result for A into the left-hand side of eq. (2.30) and replaceA(q,p) on the
right-handsideby the right-handsideof eq. (2.32), it becomesevidentthat all we haveto prove is that

(~/i~exp{i(o4+ r13)}jip) = f dq J dpP~(q,p) exp{i(uq+ rp)}

= ~—fdy J dq J dp ~/i*(q+ ~y)~,li(q— ~y)exp{ipy+ i(ffq + rp)}. (2.34)

The integrationover p gives2ir~(y+ T) andhencethe right-handsideof eq. (2.34)becomes

f ~

In order to evaluatethe left-handsideof (2.34) we notethat accordingto the Baker—Hausdorfftheorem
(Messiah[1961]),if the commutatorD = [A, B] commuteswith A andB then

= eA e~e_~2. (2.35a)

It thenfollows that

e
1~4~~= eb0~4et~e1~2. (2.35b)

Hence,the left-handsideof eq. (2.34) becomes
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e’2(~e’°~e’~I~’)

Next, usingthe fact that

e’~çti(x)~= ~i(x + r)) (2.36)

and transferringthee”~to the left-handside, this becomes

e~2(e~ ~(x)~i(x+ r)) = Jdx e’~~2~~*(x) ~i(x+ r), (2.37)

which is equalto the expressionobtainedabovefor the right-handside of eq. (2.34). Thus, we have
provedeq. (2.34)andhencealsoeq. (2.30).

In summary,if a classicalfunction

A(q,p)= Jdo’ f dr e°~~”~a(o’, T) (2.38)

goesover to the quantumoperator

A(4, j3) = f do’ f dTe0~~ a(u,r) (2.39)

then the relationbetweenA(q,p) andA is that given by Wigner in eq. (2.12). Furthermore,it is clear
that if, for all A(p, q)

f dq J dpP(q,p)A(q,p) = Jdq f dpP’(q, p)A(q, p) (2.40)

thenP’ is identicalwith P.
In addition,we mention that underthe Weyl correspondencethe classicalquantity qnprn becomes

qflpm4~(~)4n~r~3m4r (2.41)

as can be seenby consideringthe o’~Tmcoefficient in (u4+ rj3)~~”.

Finally, wewould like to mention the role played by the characteristicfunction. This is a description
of the state~5by meansof a function of two new variables,o- and r,

C(o’, T) = Tr(
13 o, r)), (2.42)

where

~(o, r) = ~ (2.43)
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Here we arefollowing the nomenclatureof Moyal which hasnow becomestandardin describingthis
quantity as a “characteristicfunction”. This descriptionstems from statistical terminology, and, in
particular,should not be confusedwith the sometimeusageof “characteristicfunction” in quantum
mechanicsto denotean eigenfunction.

C(u,r) is just the Fourier transformof P(q,p). To seethis we notethat the function corresponding
to C(u, r) is just exp{(i/h)(o’q + rp)}. Making useof eq. (2.11) gives

C(o’, T) = Tr(15 (~‘(o’,‘r)) = J dq J dp ~w*~4~~) P~(q,p) (2.44)

so that

P~(q,p) = ~ J d~J dr e~~~’>C(o’, r). (2.45)

We can usethe characteristicfunction to computeexpectationvalues of Weyl-orderedproductsof p
andq. We havethat

(hy~~~~ C(o’, r)~ = f dq J dpq
mp”P~(q,p), (2.46)

the right-handsideof which is just the averageof the Weyl-orderedproductqmpfl•

2.3. Dynamics

We would now like to derive equationsfor the time-dependenceof P~.As before,our detailed
considerationswill be confined to one dimension but some results will also be quoted for the
multi-dimensionalcase.The time-dependenceof P~may be decomposedinto two parts (Wigner
[1932a])

‘9Pw — akpw + ~vPw 247
(.

the first part resultingfrom the (ih/2m) t92/8q2part, the secondfrom the potentialenergyVIih part of
the expressionfor th/i/t9t.

Fromthe definition of P~,given by eq. (2.2a),it follows that

= — ~L f dy [‘~~ ~ ~i(q— y) — çj,*(q + y) 3~q
2y)] e2u1~~~m, (2.48)

wherewehavetakenadvantageof thefunctionaldependenceof ~/i to replace3
2/aq2by 3218y2.Next we

perform onepartial integrationwith respectto y to obtain

~ —~Jdy ~ (249)
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sincethe boundaryterm doesnot contribute.Switchingbackfrom t913y to aIaq, we finally obtain

ô,~P,,pj9P~(g,p) (250)
m ôq

This is identical with the classical (Liouville) equationfor the correspondingpart of aPlat, as was
mentionedat eq. (2.7). We nextcalculate

= ~ f dy {[ Vcfr*(q + y)] 9~(q- y) - ~*(q + y) [V~(q - y)1} ~

= ~fdy [V(q + y)— V(q — y)] ~*(q+ y)~i(q- y)e
2’~. (2.51)

Assumingthat V can beexpandedin a Taylor series,we write

V(q + y) = ~ V~(q) (2.52)

where V~(q)= 8A V/8q5. It follows that

= ~ f dy ~ ~ V~(q)kII*(q + y) çl~(q— y) e2~, (2.53)

wherenow the summationoverA is restrictedto all odd positive integers.It is clear that in the powers
yA in the integrandwe can replacey by (h/2i)(a/ap).It thenfollows that

,~ 1(h~~aAv(g)aAPw(g,p) 254

at - ~A! ~2i) 3qA apA (.

A againbeingrestrictedto odd integers.An alternativeform for a
0P~Iatis given by

~ fdiPw(q,P+i)J(q,i), (2.55)

where

J(q,j)= dy[V(q+y)- V(q-y)]e
2~’~

=_~j-rfdy[V(q+y)- V(q-y)]sin(2jy/h) (2.55a)

is the probability of a jump in the momentumby an amountj if the positionalcoordinateis q. The first
part of eq. (2.55a) may be verified by inserting the Fourier expansion,with respectto y, of V(q+ y) —
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V(q— y) into eq. (2.51). The secondpart is obtainedby replacingthe exponentialby cos+ i sin and
noting that the expansionin the squarebracketis odd so that theintegralof the cos partvanishes.

In the multi-dimensionalcasewhereP~,= P~(q1,. . . q,,;Pt, . . . p,,,), the correspondingresultsare

n j ~A1±’+A,, ~J 1~J’)~\Al±+A,,—1~A1+±A,, D
— — ‘c~ .&. ~ + ‘c ~‘ ‘~ v” ~

1j ‘w ~256
— ,~j j L.j ~ Al . . ~ A,, ~ ~ Si . . ~ A,,sit k=lmk vqk uqt vqn “tO ~. vf.3t uPn

wherethe last summationhasto be extendedover all positiveintegervaluesof A
1,. . . A,, for which the

sum A1+ A2+ . . + A,, is odd.
The lowest term of eq. (2.56) in which only one A is 1 and the othersvanish, andwhich hasno Il

factors,is identicalwith thecorrespondingterm of Liouville’s equation.Henceeq. (2.56)reproducesthe
classical (but non-relativistic) equationif h is set equal to zero. The h

2 terms give the quantum
correctionif this is very small. We will obtain a somewhatsimilar equationfor the lIT dependenceof
thedistribution function of the canonicalensemble,which alsois usefulif the temperatureT is not too
low so that the quantumcorrectionis small.

Eq. (2.56)is the generalizationof eq. (2.50) andeq. (2.54) for an n-dimensionalconfigurationspace.
The samegeneralizationof eq. (2.50) with eq. (2.55) is

~ (2.57)
at k mkaqk

whereJ(q
1, . . . q,, ; Ji, . . . j,,) can be interpretedas the probability of a jump in the momentawith the

amountsJt,. . . j,, for the configurationq1,. . . q,,. The probability of this jump is given by

J(q1,. . . q,,;j1,. . J~)= ,,+i f dyt” .Jdy,, [V(qi+ yt,. . . q,, + y,,)— V(q1—y1,. . . q,, —

xexp{—(2i/h)(y1j1+ . +y,,j,,)} (2.58)

that is, by the Fourierexpansioncoefficientsof the potentialV(q1,. . . q,,).
Fromeq. (2.56)it is clear that theequationof motionis thesameas the classicalequationof motion

when V hasno third andhigher derivativesas,for example,in the caseof auniform electricfield or for
a systemof oscillators.However, thereis still a subtledifferencein that the possibleinitial conditions
arerestricted.This comesaboutbecausenot all P(q,p) arepermissible(seeeq. (2.19b)).

While we considerthat the aboveform for the equationsof motion (Wigner [1932])arethe simplest
to usein practice,we will now discusssomeotherforms which occur frequentlyin the literature.

Beforedoing so it is useful to takenoteof anotherrelation, in addition to that given by eq. (2.23),
which expressesthe Weyl function correspondingto anoperatorF = AB in termsof the Weyl functions
correspondingto A andB. This relationwas first derivedby Groenewold[1946]andwas alsodiscussed
by Imre, Ozizmir, Rosenbaumand Zweifel [1967].They find that the function correspondingto F is

AE = P —* F(q,p) = A(q,p) e~”~
2t1B(q,p)

= B(q,p) e ~1hi’20 A(q,p), (2.59)
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where

(2.60)apaq aqap

and the arrowsindicate in which direction the derivativesact. Also (alap) (a/e9q) is consideredas the
multi-dimensionalscalarproductof alap and alaq,or, in otherwords,it is equalto (alap1) (a/aq~),where

= (1, . . . n) and n denotesthe number of dimensions and, as usual, repeated indices denotes
summation.

To derive this resultwe first note that

(q”IAIq’) = Jdo’ exp{(ilh)o’(q’ + q”)12} a(u,q’ - q”), (2.61)

wherea is definedby eq. (2.32).This result follows from eq. (2.33)by takingthe matrix elementof both
sides. A similar result follows for (q”IBIq’) exceptthat a is replacedby /3, the Fourier transform of
B(q,p):

E(4, j3) = f do’ f dr exp{(i/h) (cr4 + rj3)} /3(u, r). (2.62)

We can now calculateF(q,p). We havefrom eq. (2.12) that

F(q, p) = f dze°~(q - ~ q +

= Jdz J dq’ e~’~(q - A q’) (q’~ E q +

= JdzJ dq’ f do’ J do” eW’± z12)/2

x a(o’, q’ — q + /3 (o”, q — q’ + e°

1~. (2.63)

We nowdefine two new variablesof integrationr = q’ — q + (zI2) and TI = q — q’ + (z/2)so that

F(q,p)= J dT f dT’ f do’ J do” ~(1/h)@~+rP) a(o’, T) ~ ~ /3(u’ r’). (2.64)

It is possible to replacethe exponentialfactor exp{(i/h)(o”r — o-i-’)/2} by exp(hAI2i) so that eq. (2.64)
becomes

F(q,p)= A(q,p) e~1U2IB(q,p) (2.65)

i.e. just the first expressionappearingon the right-handside of eq. (2.59). The secondexpressionalso
follows readily from eq. (2.64).
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We can alsomakeuseof eq. (2.64)to find an alternativeexpressionfor F(q,p) involving the Bopp
operators(Bopp [1961]andKubo [19641)

ha ha
Q=q—~-~--, P=p+~-

1. (2.66)

We first note that

Iii / h ô\ / h a\i~ Ii i í~i aexp~-[o’~,,q—~~)+ T~P+~T~)j1= expi~j-(o’q+ ‘rp)1 exp1~r~——o’~)1 (2.67)

so that

exp{k [o’(q — ~‘~-) + ‘r(p + e(I~’~T’h1)= e(1~~~1~ ~ (2.68)

Using this result in eq. (2.64)we thenhavethat

F(q,p) = J drf dT’ J do’ J do” e~/h~~Q~’)a(o, T) ~(irn)(o~~+1.’P) /3(o”, T’). (2.69)

From eq. (2.33)we seethat theexpression

A(Q, F) f dr f do’ e(u/ ~Q+TI’)a(o~,r) (2.70)

is just the Weyl-ordered operator A(4, j5) with 4 -* 0 and j3 -~ P. A(Q, P) is alsoan operatorbutnot on
the Hilbert spaceon which A(4, j3) is an operator; it operateson functionsin phasespace.We can,
therefore, expressF(q,p) as

F(q,p) = A(Q, P) B(q,p). (2.71)

In a similar manner one can show that

F(q,p)= .~(Q*,P*)A(q,p), (2.72)

where

Q*q+~~, P*=p_~j~. (2.73)

It is now possible to make use of the fact that the Wigner distribution is the function which is

associatedwith (1/2irh)~5.The equationof motion for ~3is just

ih815/ôr= [I~,j5]. (2.74)
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This implies that we havefor the Wigner function

ih aP~/at= H(q, p) eh4/21P~(q,p) — P~(q,p) eh~h!21H(q,p)

or

h aP~Iat= —2 H(q,p) sin(hA/2)P~(q,p), (2.75)

where H(q,p) is the function correspondingto the Hamiltonianoperatorfor the system,H. Actually,
this is an abbreviatedform of eq. (2.56) ascan be verified by expandingthesin into apowerseries.Note
that if we takethe h —* 0 limit of this equationwe obtain the classicalLiouville equation

aP~/at+ {P~,H} = 0, (2.76)

where { } denotePoissonbracketsand the superscriptc on P~indicatesthe classical limit. For an
H(q,p) which is at mostquadraticin q andp, e.g. a free particle or an harmonicoscillator, eqs. (2.75)
and (2.76) coincide. In thesesystems,then, the differencebetweena classicalanda quantumensemble
is the restrictionon the initial conditionsin the caseof latter(cf. eq. (2.19)).

We also want to quote two alternateforms of eq. (2.75). The first follows immediately from our
discussionof the Bopp operators.We have,usingeqs. (2.65), (2.71), (2.72) and (2.75), that

ih aP~/at= [I~(Q,P) — A(Q*, P*)] P~(q,p), (2.77)

a result first obtainedby Bopp [1961].Analogousto the definition of A(Q, P), given by eq. (2.70).
H(Q, P) is the Weyl-orderedoperatorwith 4 —* Q andj3 —* P, where0 and P are definedin eq. (2.66).
Theseequationsdo not exhaustthe possibleformulationsof the dynamicsof the Wignerfunction. One
can also make useof propagationkernels. This approachis discussedby Moyal [1949]and Mori,
OppenheimandRoss[1962].

We turn now to a considerationof a canonical ensemble.If /3 = l/kT where k is Boltzmann’s
constantand T is the temperature,then the densitymatrix of the canonicalensembleis

278

~ Z(f3) Z(J3) (. ~

andZ(/3) = Tr(e~”).The unnormalizeddensitymatrix, I~,then satisfiesthe equation

aIl!af3 = —14f2 = —ñI-~, (2.79)

subjectto the initial condition f~(J3= 0) = I where I is the identityoperator.Eq. (2.79)is referredto as
the Bloch [1932]equationfor the densitymatrix of a canonicalensemble.Using the product rule given
by eq. (2.59)we havethat

afl(q,p)/af3 = —H(q,p) e~”2’(1(q, p) = —H(q,p) e~”2112(q,p), (2.80)

A beinggiven by eq. (2.60) so that
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a(1(q,p)/8/3 = —H(q,p) cos(hA!2)f1(q,p). (2.81)

This is the Wignertranslationof the Bloch equation,which was entensivelystudiedby many authors
and was first derivedin this form by Oppenheimand Ross [1957].It is useful in the calculation of
quantummechanicalcorrectionsto classicalstatisticalmechanics.The initial conditionfor this equation
is just the Wigner function correspondingto (1(f3 = 0)= I. Inserting I in eq. (2.12) we find that the
initial condition is just Q(q,p)10=°= 1.

It is also worth noting that P~(q,p)doesnot satisfy the Wigner translationof the Bloch equation
simply becauseof the fact that it must be multiplied by the /3-dependentfactor (2i~h)Z(J3) in order to
obtain11(q,p).

Finally, we emphasizethat all equationsfrom eq. (2.59) onwardshold in the multi-dimensionalcase,
wherewe simply interpret (q,p) to be (q1,.. . q,,;pi,. . . pr,) andthe simpleproductsin the exponentsas
scalarproducts.The solutionof eq. (2.81) in the multi-dimensionalcase,is to orderh

2 (Wigner [1932afl,

flw(q, ~ = ~i3H(~.P)~~+ (2irh)2 [~(— _ç~+~-~-~-—(Z)2)+ ~ 2mm~a~q~]}. (2.82)

Actually, the Wignertranslationof the Bloch equation,eq. (2.18) above,can be simplified further into
a form, analogousto that of eq. (2.56), which is moreconvenientfor applications.This is achievedby
writing the costerm as the real part of the operator

Nh/a a a ö\1Onsexp[~~_~~)], (2.83)

wherewehaveusedthe explicit form for A given in eq. (2.60),againnoting that the arrowsindicatein
which direction the derivatives act and that the gradient operatorsare 3N-dimensional.Next we
decompose0 by meansof theBaker—Hausdoriftheorem(eq. (2.35a)), andusingthe fact that

(2.84)

it follows that we maywrite

Fih ~ ä~i F ih ~~ (2.85)

wherewe haveneglectedtermswhich do not contributein the presentcontext. Again becauseof eq.
(2.84),andalsousing the fact that we areonly interestedin the real part, it follows that the only terms
in 0 whichcontributeare

F ih ~ ä~i h2 ~expi ————i— (2.86)L 2aqapj 8ap~ap~3q
1aq~

where i, j = 1,. . . n (and as usual, it is understoodthat (aIaq) (a/ap) standsfor (a/aq1)(alap1)). From
henceforth,wewill assumethat we aredealingwith a systemof (nI3) identical particlesof massm.
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Hence,sinceH = (p212m)+ V, it follows that

HOQ={exp[_~-~~]V_~_4~+~-}11~ (2.87)

whereit is to be understoodthat the (ä/aq) term in the exponentialoperatesonly on V andnot on 12
(whereasthe a218q2 term operateson 11). Also, the alap term hasno effect on V andthusoperatesonly
on 12. Since all arrowsnow operateto the right, theywill beomitted from henceforthso that we finally
obtain

afl(g,p)_Jp~~ (~-~-~-\V—-~--~--112 (288a
— 12m c05~,

2 aq ap) 8m aq
2J

I .

2’h a a~ h
2 a2

= j—H+2sIn (\~~~) V+——--~12, (2.88b)4aqap 8maq

wherethe a/aq term in the cos andsin termsis to be understoodas operatingonly on V. Sucha form
was given for the first time by Alastueyand Jancovici[1980]and,in fact, their resultalso takesaccount
of the presenceof a magneticfield. We recall that (alap) (a/aq) is consideredas the multi-dimensional
scalarproductof a/op and a/aq, or, in otherwordsit is equalto (a/ap

1) (alaq1) wherei goesfrom 1 to n
and n denotesthe numberof dimensions.Hence,the explicit form of eq. (2.88a)is

afI(q,p) — Jp~p~h
2a2 + > (ihI2)5’~52~~“ a5’~±A~va5~±A, (289)

af3 [2m 8m aq~aq
1 AI!A2!•••A,,! aq~’.•.aq

5,,’ap~’•••p5,,’J

wherethe last summationis to be extendedover all positive integervalues,as well as zero values,of
A

1, A2,.. . A,,, for which the sum A1 + A2 + .. . + A,, is even.This form for the Wigner translationof the
Bloch equationis the most convenientfrom the point of view of applications.

One of the earliest applicationsof theseresults was to the quantumcorrectionsof the classical
equationsof stateand to similar correctionsto chemicalreactionrates(Wigner [1932b,1938]) andthey
havebeenextensivelyusedin statisticalmechanics(OppenheimandRoss[1957];Mori, Oppenheimand
Ross[1962];Nienhuis[1970],for example).However,we will defera detaileddiscussionof applications
to Part II of our review, to be publishedat a later date.

2.4. An example

We would now like to usesomeof theformalismwhich we havedevelopedto actuallycalculatesome
distributionfunctions.The systemwhich we will consideris the harmonicoscillatorandwe will consider
both pure and mixed states.We will find the Wignerfunctionscorrespondingto the eigenstatesof the
harmonicoscillatorandalsothe function correspondingto a canonicalensembleof harmonicoscillators
at temperatureT

The eigenstatesof the harmonicoscillatorare(LandauandLifshitz [1965])

a
2 1/4 1 1/2 2U,,(q) = (.) (........) e”~/2 H,,(aq), (2.90)
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where H,, is the nth Hermite polynomial and a = (mw/h)U2. Substituting this expressioninto the
definitionof the distributionfunction, eq. (2.2a),we find that

a2 1/2 1
U~(q+ y) U,,(q — y) = (—) ~~-exp{—a2[(q+ y)2+ (q — y)2]/2} H,,(a(q+ y)) H,,(a(q— y))

(2.91)
so that

P~(q,p) = . ç~i_.... ~ f dy e21”~e~2~’2H,,(a(q+ y))H,,(a(q— y)). (2.92)

We now note that

cr2y2— 2ipylh = a2(y— ip/a2h)2 + p21a2h2 (2.93)

anddefine anew variable

z a(y—ip/a2h). . (2.94)

We then have that

P~(q,p)= —=—~—--—e”~~2 J dze~2H,,(aq+ z + f3)H,,(aq — z — /3), (2.95)
Vrr irh 2 n!

where /3 = ip/ah. Noting the H,,(—x)= (—1)~H,,(x) we find

P~(q,p)=~JI(l) ~_a~l dze_z2H,,(aq + z + /3)H,,(z+ /3 — aq). (2.96)

Theaboveintegralcan be done(GradshteynandRyzhik [1980])andis

J dz e~2H,,(z+ /3 + aq)H,,(z + /3 — aq)= 2~Vir n! L,,(2(a2q2- /32)) (2.97)

whereL,, is the nth Laguerrepolynomial. Re-expressinga and /3 in termsof q andp we have

a2q2— $2 = ~ ~ + ~ mw2q2) = ~—H(q,p) (2.98)

so that (Groenewold[1946];Takabayaski[1954];Dahl [1982])

P~(q,p) = (llirh) (—1)~e21’~’~L,,(4HIhw). (2.99)

Before discussing this result we will first calculate the distribution for an ensembleof oscillators at
temperature T (Imre, Ozizmir, Rosenbaumand Zweifel [19671).Here we proceed by way of the Wigner
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translationof the Bloch equation(eq. (2.88b))which for this systemresultsin

a(2(q,p)= {— (f~-+ ~mw~q~)+ 2sin2(~~_1—)V+~_~-~}(2. (2.100)

BecauseV is quadraticin q2 it is clear that only the leading order term in the sin2 expansionwill
contribute, and since a2 VIaq2= mw2, it follows that the Wigner translationof the Bloch equationfor
the oscillatorreducesto

— (~-+-~mw2q2)Q+ ~- (--~-4+mw2~4). (2.101)

To solvethis equationwe makethe Ansatz

ul(q, p) = exp{—A(J3) H + B(j3)} (2.102)

whereA(0) = B(0) = 0, andH = (p2/2m)+~mw2q2.Substitutingthis into eq. (2.101)gives us

(-~H + ~-)(2= -H12+ ~ [~i~ w2(-mA+ mw2q2A2)+mw2 (- ~+ P~~)A21 12

= _HQ+~)(_A+HA2)I2. (2.103)

This equationcan be re-expressedin theform

H(q,p) [—~+ 1— (hw)2 A2] + [~-+ (hw)2A] = 0. (2.104)

Becausethis equationmusthold for all q andp, andthe termsin thebracketsareindependentof q and
p, theymustvanish independently,i.e.

1=0 (2 lOS)
d 4

dB (hw)2A()
d 4 . (.)

Eq. (2.105)can be integrateddirectly. Onehasthat

f dA f
j 1— (hw/2)2A2 — j d/3 (2.107)

or

/3=~—ln[(1+~A)/(1_~A)1. (2.108)
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Inverting this equationgives us that

A(J3)= (2/hu)tanh(hw/3/2). (2.109)

This can now besubstitutedinto eq. (2.106)to give

B(J3) = — ~ J d/3’ tanh(~~—)= — ln cosh(~~-). (2.110)

Therefore,we have

12(q,p) = sech(hw/312)exp[—(2/hw) tanh(hw$/2)H(q,p)]. (2.111)

To completeour derivation we needto normalizethe aboveexpression.As was notedbefore the
Wignerfunction is the function which correspondsto the operator(1ô/2ith). From eq. (2.78) we then
have

1 1
P~(q,p) = ~-~-~j Q(q,~o) (2.112)

as 12(q,p) is just the function correspondingto ~ We also havefrom eq. (2.11) (settingA = e~’~
andB = I)

Z(J3)= Tr(e~’~)= ~4~-J dqj dpIl (q,p). (2.113)

Substitutingeq. (2.111) into eq. (2.113)we find

Z(J3) = 1[sinh(hw/3/2)]
t. (2.114)

Finally we obtainfor P~(q,p), from eqs. (2.111),(2.112)and(2.114),

P~(q,p) = (1/irh) tanh(hwf3/2)exp[— (2/hw) tanh(hw/3/2)H(q,p)]. (2.115)

We now want to comparethe two expressions(eq. (2.99) andeq. (2.115)) for P~for the pure and
mixed states,respectively.Examiningthe first few Laguerrepolynomials

Lo(x)=1

L
1(x)=1—x (2.116)

L2(x)=1—2x+x
2

we seethatfor the groundstateof the oscillatorP~(q,p) > 0 while for excitedstatesP~(q,p) can assume
negativevalues.The result for thecanonicalensemble,however,is alwayspositive.It doesnot havethe
oscillatorystructurewhich is presentin the expressionsgiven by eq. (2.99).The incoherenceinducedby
a finite temperatureleadsto a muchsmootherdistributionfunction.
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2.5. Statisticsand second-quantizednotation (Klimintovich [1958];Brittin and Chappell[1962];Imre,

Ozizmir, RosenbaumandZweifel [19671)
Whenoneis dealingwith morethanone particleonehasto includethe effectsof quantumstatistics.

To illustratehow theseeffectscomein to the Wigner function we will first consideran example.We will
then show how the Wignerfunction can be expressedin second-quantizednotation.In this form it is
easierto take the effects of statistics into account, but two of us have an article in preparation
(O’ConnellandWigner [1983])which not only will takethe effect of statisticsinto account,but will also
includespin effects.

Let usconsidertwo identicalparticles in onedimensionin a harmonicpotentialwell. We will further
assumethat the particlesarebosons.The Hamiltonian for the systemis

(2.117)

Supposethat we want to find the Wigner distributionfor a canonicalensembleof thesesystemsat a
temperatureT. We would again like to usethe Wignertranslationof the Bloch equationbut now we
must be morecareful;the initial condition is no longer sosimple.

To see thiswe first find the densitymatrix for thesystem.The eigenstatesof the Hamiltoniangiven
by eq. (2.117) are

(U,,~(q1)U,,2(q2)+ U,,2(q1) U,,1(q2)) if n1 > n2

4),,1,,2(q1,q2) = 2 (2.118)

U,,1(q1) U,,1(q2) if n1 = n2,

whereU,,(q) is given by eq. (2.90).This statehasan energyE,,,,,2given by

E,,1,,2 hw (n1+ n2+ 1). (2.119)

Theunnormalizeddensitymatrix for this systemis just

= ~ exp(—/3E,,~,,2)14fl1fl2) (~,,ln2I. (2.120)
nl�n2

In the /3 -+ 0 limit this becomes

~ 14,zi,,s)(clni,zsl. (2.121)
fll~fl2

Takingmatrix elementswe find

(q~,q~I1~(p= 0)Iqi, q~)= ~ ~(U,,1(q~)U,,2(q~)+U,,2(q’1) U,,1(q~))
fll>fl2

X (U~(q1)U~2(q2)+U~2(q1)U~1(q2))+~ U,,(q~)U,,(q~)U~(q1)U~(q2)

— ~ (U,,,(q”) U,,2(q~)U~1(q1)U~2(q2)+ U,,1(q ‘1) U,,2(q~)U~1(q2)U~,,2(q1))
fll,fl2

(2.122)

We can now makeuseof the identity
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~ U,,(q~)U~(q1)= S(q1— q~) (2.123)

to give

(q~,q~j1~(J3= 0)1q1, q2) = ~[ô(q—qt)ô(q~z—q2)+ ö(q~—q2)ö(q—q1)], (2.124)

as was to be expected. If we operate on an arbitrary two particle state, li/i), with 1~(J3 = 0) we have that

(qL q~lfl(J3= O)I~’)= J dq1f dq2(q~,q~I1~(J3= 0)~q1,q2) (q1, q2I~’)

= ~[*(q~,q~)+çli(q~,q~)1. (2.125)

If ~s is symmetricthe resulton the right-handsideof eq. (2.125) is i/i, if ~/‘is anti-symmetricthe result is
0.

Therefore,~i(J3= 0) is justtheprojectionoperator,P~say,ontothestateof symmetrictwo-particlewave
functions.This resultis alsotruefor an arbitrarynumberof particles,N. Our resultthat 1~(J3= 0) is P~was
derivedfor bosons.Similarly, if theparticlesarefermions11(J3= 0) is PA, theprojectionontothespaceof
anti-symmetric N-particle wave functions, but in this case, the spin variable should also be included.

Returningnow to our examplewe want to find the initial condition for the Wignertranslationof
Bloch equation, i.e. we must find the function corresponding to F~.Making use of the two-particle
extension of eq. (2.12) we find

12(q1,q2, Pt,P2) = J dyi J dy2 exp{(i/h) (piyi + P2 y2)} (q1 - ~y1,q2 - ~y2lPsIq1+ ~y1,q2 + ~y2)

= f dyi J dy2 exp{(i/h) (PiYi + p2y2)}~[ô(yt)ö(y2)

+ S(q2 — q1 + ~(y2+ yt)) ö(q1 — q2 + ~(y1+ y~))]

~+ irhô(qi—q2)8(pt—p2). (2.126)

The correspondingresult for fermions has a minus sign in front of the second term. This initial
condition is considerablymorecomplicatedthanthe initial condition,[2(q,p) = 1, which wasobtained
in the one-dimensionalcase.The situationrapidly becomesworsewith largernumbersof particles.

Second-quantizednotation provides, in principle, a convenientway to deal with the problems
imposed by quantum statistics. We will consider a Fock spaceand designatethe vacuumstateof this
spaceby 0), andthe quantizedfield operatorsat the point r by ~fs~(r)and ~fr(r).The interpretationof
the field operatorsis that tfr~(r)addsaparticleat point r to the systemwhereas~r(r) removesa particle
at point r. They aredefinedas

~(r) = e’~4,, (2.127a)

(r) ~=e~’~’ â (2.127b)
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wherethe so-calledannihilationand creationoperators,a,, anda;, respectively(discussedin detail in
section4), act to removeor createa particle of momentump in a box of volume V. For bosonsthese
operatorsobey the commutationrelation

[ç~(r),~~(r’)] = ~3~(r— r’) (2. l28a)

[~(r), ~i(r’)] = 0 (2.128b)

andfor fermionsthe anti-commutationrelation

{~(r),~~(r’)}= ~3~(r— r’) (2. 129a)

{~(r),~i(r’)}= 0. (2. l29b)

To every N-particle stateI~1’N)in the Fock spacecorrespondsan N-particle wave function given by
(Schweber[1961])

V~N(Tl,. . . rN)= (0k~(rN)~~(r1)I~N). (2.130)

The distributionfunction for the stateL~PN)then,is given by

P(rl~...rN;pl~...pN)=(~)fd3yI..fd3yNexp{(iIh)(pl.yI+...+pN.yN)}

X 1I’~(r
1+~yt,.. . rN + ~YN) ~1’N(r1—~y1,.. . — 2YN)

= (th)
3N~fd3yI..,Id3yNexpi/pl.yl+pN.yN

x (0~(r~- ~YN)~ ~(r~ - ~yi)I~N) (~/~I~t(r+ ~yi). . + 2YN)10).

(2.131)

This expressionreadily extendsto N-particle densitymatrixes,f$N, so that

1 3N 1
P(r

1,. . . rN;pt,. . .PN)= (~)~fd~yt” d~y~exp{(i/h)(p1 Yt+ .. +p~ YN)}

X (0~(rN— 2yN)~ ~ — ~yt) PN ~t(r~ + ~yt)~ . çl~frN+ 2yN)IO).
(2.132)

where, in the caseof a purestate,

PN = ~N)(’PNI (2.133)

with PN) denoting the N-particle ket basisvector.An N-particledensitymatrix hasthepropertythat if
PN and cpN. areN’-particle andN”-particle statesrespectively,then(bN”I~N~PN’)= 0 unlessN’ = N” =

N. Therefore, eq. (2.132) can be expressed as
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/ 1 \3N 1 1 ~ 1 ~
F(rt~...rN;Pt~...PN)=~~-)~J dyt~j dyNexp{(1/h)(pryl+~+pN~yN)}

X Tr(~(r~— ~YN)~ ~/~(r~— ~yt) PN çj~t(r + ~y)~ . . ~
tfr + ~YN))

= (J)3N ~Jd3yt~ .Jd3yNexp{(i/h)(pryi+ +PN YN)}

x TT(
1N ci;t(ri + ~yt)” . ~fi

tfr~+ 2YN) ~(TN — 2YN)” . i~(r
1— ~yj)). (2.134)

This is the desiredexpressionfor the Wigner function in second-quantizedform (Brittin andChappell
[1962];Imre, Ozizmir,RosenbaumandZweifel [1967]).

It is also possible to derive expressionsfor the reduceddistribution functions in terms of the
quantizedfield operators(Brittin andChappell[1962];Imre, Ozizmir, RosenbaumandZweifel [1967]).
The distributionfunction of order N, reducedto thejth order, is definedas

Pj(rl,...rJ;pl~...pi)=Jd3rj+l”.fd3rNJd3p~+t~Jd3pNF(rl,...rN;pt,...pN) (2.135)

andthis definitionwill be usedfor the restof thissection.Thiscan alsobe expressed,by making use of
eq. (2.134), as

1 3N 1

~(ri,...rj;pi,...pj)=(~~) ~jJd3rj+l...Jd3rNJd3pj+t..jd3pNfd3yt...Jd3yN

xexp{i(p~. Yi + •. + PN YN)Ih}Tr(5~j~(rt+ ~yt) . . ç~t(~+ ~YN) 1
1(rN — ~YN) . ~(r~— ~yt))

= (~±~)3’ ~Jd3rj+t. . Jd~r~J d3yr~.Jd~yiexp{i(p
1 ~Yt+ +p~.yj)/h}Tr(~N~&t(rl+~yl)

c&t(rj + ~y1)~fi~(rj.,.t) ~,&t(rN)l~(rN)” ~(t~÷~) ç&(r~— ~y~,)•. . i/i(r~— ~yt)).

(2.136)

In orderto analyzethisexpressionfurtherwe first notethat

f d~r~(r)~(r)=11, (2.137)

whereI~is just the numberoperator.We thenhavethat, for both bosonsandfermions

[i~(r),P~]= 1~(r). (2.138)

Therefore,

Jd
3rNl ~~(rN-1) (rNt)= I~(I~-1) (2.139)

and
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f d~+1~. .f d~r~~t(~÷i). . .~t(r)~(r).. . ~fr) = N (~ - 1)~•~(N - N +1+ 1).

(2.140)

Eq. (2.136)becomes

~(r1,...~p1,...p1)= (~)
3’~Jd3yi...Jd3yjexp{i(pi.yi+..+pj.yj)/h}

XTr(uiN~t(rt+~yi)” . ~&~(i~+ ~y~)!~(f~1)... (t~-N+j+ 1)~(r~-~y~ ~(ri~~yi)).
(2.141)

BecausePN is an N-particledensitymatrix we havethat

!~(N-1). ~(N-N+j+ 1)~(r
1-~y~)~rl-~y1)~N = (N-i)! ~(r1-~y~)~ . ~(r1-~y1)I5N

(2.142)
so that our final expressionfor the reducedWignerfunction is

P1(ri, . . . ~ . .p~)= (~)31 (N—])! f d
3yr .Jd3y

1 exp{i(pt y~+ +p~.y1)/h}

x Tr(~5~c~t(ri+ ~yi)~. . (r,, + ~y1)~i(r~— ‘y)• . . çl,(r — fyi)). (2.143)

It is now possibleto formulate the dynamicsof this theory in a way which is independentof the
numberof particles.We first go to the Heisenbergpicture in which the field operatorsbecometime
dependent.We thenconsiderthe operators

I ~‘

P~)= (~)f d
3y

1~.Jd
3y

1 exp{i(p1 Yi + + p~.y1)Ih}

x ~tfr + fyi; t)~. . ç~t(r + ~y~t)” ~(t~ — ~y1t)~ . ~(r1 — ~yi; t). (2.144)

The distributionfunctionsfor an N-particletheory are thenjust

rj; P’, . . . p~)= ~ Tr~N~(rl,. . . ~ ~,. . . pd)) (2.145)

We see that in this formulation all of the dynamicalinformation is containedin the operatorsI~which
containno referenceto aspecific particlenumberandalsocontaintheinformationaboutthe statisticsof
the particles.Thus, in principle, the second-quantizedformalism should be a useful starting-pointfor
the incorporationof statisticsinto problemsinvolving a systemof identical particles.However, it must
be admittedthat— to our knowledge— no applicationhasbeenmadealongtheselines.

3. Other distribution functions

We now want to examinecertainother distributionsbesidesthe one consideredso far. Thesemay
ariseout of a desireto makeuseof an operatororderingschemeotherthanthat proposedby Weyl or a
desire to havea distributionfunction with certainproperties.For example,we may want to makeuseof
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symmetricordering

qmp~ ~(4rnpn + pn4PhI), (3.1)

in which casewe would usethe distributionfunction (MargenauandHill [1961];Mehta [1964])

P~(q,p)=~4~-Re{ifr(q) J dy e_(i~~~t~Ycfr*(q—y)}. (3.2)

On the other hand,we may want to considera distribution which is alwaysgreaterthan or equalto
zero. We will discussa distributionwhich hasthis propertyshortly.

A schemefor generatingdistribution functionswasproposedby Cohen[1966]andfurtherexamined
by SummerfieldandZweifel [1969].They givethe rathergeneralexpression

Pg(q,p) = (a) Jdo’ J dT J du exp{—(i/h) [cr(q— u) + ‘rp]} g(o’, r) ct/*(u — ~)ii,(u + (3.3a)

= Jdq’ Jdp’~(q — q’, p — p’) P~(q’,p’) (3.3b)

for the distributionfunction of the pure state~/‘(q),where

g(q, p) = J do’ J dr exp{—(i/h)(uq + rp)} g(o’, r). (3.4)

Thus the function F is simply the original function P~smearedwith anotherfunction g. The basic
requirementwhich leadsto eq. (3.3) is that P transformcorrectly with respectto spacedisplacement,—~~/‘(q— a), and transition to a uniformly moving coordinatesystem, ~i(q)-~ exp(—imvq)~‘(q).
Theserequirementswere formulated in giving the form eq. (3.3a)to Pg—andthe satisfactionof the
requirementscan easilybe verified; eq. (3.3b) then follows.

Cohenalso pointedout that it is possibleto obtain distributionswhosedependenceupon the wave
function of the systemis other than bilinear simply by choosingg(o’, r) to dependupon ~i(q). For
example,one can choose

g(o’, T) = Jdq ip(q — qo~)~p*(q+ qo~), (3.5)

where q
0 is an arbitrary value of q. This choice for g(o’, r) satisfies g(0, ‘r) = g(o’, 0) = 1 so that the

correctmarginaldistributionsareobtained.On theotherhand,wenow havetheratherawkwardsituation
thatthe function-operatorcorrespondencedependsuponthewavefunction. An evensimpler choiceis, of
course

Pg(q,p) = (irh)~I~’(q)I
2‘~(p)I2~ (3.6)

whereçb(p), the Fouriertransformof ~i(q)is definedby eq. (2.14).The conditionson g(q,p) whichmust
be satisfiedso that the correctmarginaldistributionsareobtainedare
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f dq~(q,p)= (21Th)2~(p) (3.7a)

Jdp~(q,p)= (2irh)2ö(q). (3.7b)

Onechoiceof ~(q,p) which doesnot satisfyeqs. (3.7) but which is interestingnonethelessis given by

g(q, p; a) = (~)~ e~2~2. (3.8)

The useof this smearingfunction wasfirst proposedby Husimi [1940]andhasbeeninvestigatedby a
numberof authorssince (Bopp [1956];Kano [1965];McKennaand Frisch [1966];Cartwright [1976];
Prugovecki[1978];O’Connell andWigner [1981b]).It leadsto a distributionfunction, P~(q,p), where
the subscriptH denotesHusimi, which is non-negativefor all p andq. Onecan see this by noting that

— q’, p — p’; a) is just theWigner distributionfunction which oneobtainsfrom thedisplaced(in both
positionand momentum)harmonicoscillatorground statewave function

1/Iq,p(q’; a) = (ira)~’4~_(~‘_~)2/2~eh1~~1’m, (3.9)

which we will call Pq,p (O’Connell and Wigner [1981b]).If the Wigner distribution in question,P,,,,
correspondsto a wave function 4(q) we have

PH(q,p)= Jdq’ J dp’ Pq,p(q’,p’) P~(q’,p’) = (~-) f dq’ ~i~,~(q’)s~(q’)~� 0, (3.10)

wherewe haveusedeq. (2.8).Note that in order to get a positivedistribution function we hadto violate
condition(ii) on our list of propertiesof theWigner function.Property(vi) is alsoviolatedaswas shown
by Prugovecki[1978]andby O’Connell andWigner [1981a].

We will encounterPH(q, p) again in the nextsection in a somewhatdifferent form. It is the “0” or
“anti-normally-ordered”distributionfunction of quantumoptics. It is oneof a numberof distributions
which areuseful in the descriptionof harmonicoscillators,and, hence,modesof the electromagnetic
field. We now proceedto examinethesedistribution functions.

4. Distribution functionsin termsof creationandannihilationoperators

The harmonicoscillator is a systemthat is ubiquitousin physics, so that it is not surprising that
quantumdistributionfunctionshavebeendevelopedwhich are tailored to its description.It is in the
descriptionof the modesof the electromagneticfield that thesedistributionfunctionshavefound their
widest application.

It should be emphasizedthat manyproblemsin quantumoptics require a fully quantizedtreatment
not only of the atomsbut alsoof thefield. For example,an analysisof experimentsdealingwith photon
counting or a derivation of the fluctuationsin intensity of a lasernear thresholdboth require the
quantumtheory of radiation(Scully andLamb[1967];De Giorgio andScully [1970];GrahamandHaken
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[19701).Thelatteris developedwithin theframeworkof annihilationandcreationoperatorsforbosons(see
below)but it is thenpossibletogo to adescriptionin termsof c-numbers(while fully retainingthequantum
aspectsof the situation)by meansof distribution functions.In most cases,this greatly facilitatesthe
calculationwhile, atthesametime, it contributesto abetterunderstandingof theconnectionbetweenthe
quantumandclassicaldescriptionsof the electromagneticfield.

A numberof studiesof thesedistribution functionshavebeendone(Mehta and Sudarshan[1965];
Lax and Louisell [1967];Lax [1968];Cahill and Glauber [1969];Agarwal and Wolf [1970];Louisell
[1973]).We will rely mostheavily uponthe papersby Cahill andGlauber[1969]in our treatment.Their
discussionconsidersacontinuumof possibleoperatororderingschemes,andhencedistributions(aneven
largerclassis consideredin Agarwal andWolf [1970])but we will consideronly threeof these.A final
sectionwill discussdistributionsdefinedon a 4-dimensional,ratherthan a 2-dimensional,phasespace.

We will describethe systemin termsof its annihilationandcreationoperators

a = ~ (A4+k13) (4.la)

= (1)~~’~(A4 — -i3), (4.lb)

satisfying

[â,a~]=1. (4.2)

As mentionedbefore,it is assumedthat the field operatorswe considerobey Bose statistics.Each
pair of a, ~ refersto a certainfunction of position. Thesefunctionsform an orthonormalset which is
countableif the basic domainis assumedto be finite, andcontinuousif infinite. We dealwith a very
large, but finite, system so that the system is only approximately relativistically invariant (exact
invarianceis achievedfor an infinitely largesystem,but this would makethe calculation in otherways
difficult).

The variousfunctionsof a andá~are investigatedindividually becausethe correspondinga andâ~
do not interactwith the a andá~of anothermemberof the set.They interactwith the matterwhich is
in the basicdomain. Thus, for example,when we apply this formalismto the caseof the electromag-
netic field, we investigateeachmode (correspondingto a definite momentumand definite direction of
polarization) separately,and the operatorsassociatedwith different modescommute(no interaction
betweenmodes).In addition,therewill be a distributionfunction correspondingto eachmode.

The a andá~operatorsacton thebasisvectorsIn), theso-called“particlenumberstates”,andhavethe
properties:

a In)=Vn n—i) (4.2a)

á~In)=Vn+1In+1) (4.2b)

â~aIn) = n In) (4.2c)

aIO)=0. (4.2d)

In addition,onecan prove that
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[a, (h’] = n(á~’. (4.2e)

If we areconsideringan oscillatorof massm andangularfrequencyw we take A = (mw)”2 andif we are
consideringa modeof the electromagneticfield of angularfrequencyw we set A = (ht12w/c).

We also want to consider a special class of statesknown as coherentstates(Schrödinger[1926];
Glauber [i963a]; Glauber [1963b];Sudarshan[1963];Glauber[1965]).To definethesewe first define
for eachcomplexnumbera the unitary displacementoperator:

15(a)= ~ = e_HS/2 ea~~e’~ , (4.3)

where the last expressionis obtainedby use of the Baker—Hausdorif theorem (eq. (2.35a)) and the
commutationrelationgiven by eq. (4.2). The operatorD(a) hasthe propertythat

D1(a) a D(a) = a + a (4.4a)

15’(a) á~15(a)= a~+ a*. (4.4b)

The proof of eq. (4.4) readily follows from eqs. (4.2e)and (4.3). We now define the coherentstate
(Glauber [1963a];Glauber[1963b];Sudarshan[1963]),which we denoteby a), as

a) ~(a) 0) = e~S/2 ~a (a~)~0) = e~2/2 ~ (~!;lI2In), (4.5)

where 0) is the ground stateof the oscillator.This statehasthe propertythat it is an eigenstateof the
annihilation operatorswith eigenvaluea. Again, this can be verified by using eq. (4.2e).Perhapsit
should be emphasizedthat the symbol a always refers to a complex eigenvaluewhereas a) always
denotesa state,just as n denotesa real eigenvalueandIn) a state,the so-called“number state”.Also,
just as In) refersto adefinite stateof excitation of a systemof one mode, a) alsorefersto a stateof one
mode.

The a) statesarenot orthogonalbut theyarecomplete(in fact overcomplete).Explicitly,

(i3Ia)= exp[—~(IaI2+I$I2)+13*a], (4.6)

which follows immediately from eq. (4.5) and the fact that the number states are orthonormal.
Furthermore,it is possibleto expressthe identity operatoras

I=iJd2aIa)(aI, (4.7a)

where d2a= d(Rea)d(Im a) = ~dada* The proof of eq. (4.7a) follows by setting a = r e’°,so that
d2a= r dr do, andthen usingeq. (4.5) to get

i Jd2a Ia)~aI= ~ ~(m l)1/2( !)l/
2Jdr e_rSrm±~+IJeitm~~o dO = 2 ~n)(nI Jdr e_TS r

2~~’,

(4.7b)
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where we haveused the fact that the angularintegral simply equals2lTt5mn. The latter radial integral
equalsn!/2, so that usingthe fact that ~,, In) (nj = 1, eq. (4.7a) readilyfollows. A direct consequenceof
eq. (4.7a)is that the traceof any operatorA is just

Tr(A) = d2a(alAIa). (4.8)

It is alsoof useto comparethe expressionfor the displacementoperator1.S(a)to our previousresults
andusethis comparisonto derivean expansionfor a generaloperatorA in termsof D’(a). This will
beof uselater. First we notethat if we set a = (2h)112(Ar + iAto’) then (seeeq. (4.1))

15(a)= exp{(ilh)(o-4+ rj3)} = o’, r), (4.9)

where C was defined earlier by eq. (2.43). Thus from eqs. (2.42) and (4.9) it is clear that the
characteristicfunction is the expectationvalueof the displacementoperator.This in conjunctionwith
eqs.(4.5), (4.6) and(4.8) gives

Tr(.O(a).15_1($)) = ~. 5(2)(~ — /3), . (4.10)

wherethe 8 function hereis o2(~) = ô(Re~) 5(Im ~). Supposethat we can expandthe operatorA(a, a~)
as

A = 1Jd2~g(flJ5_t(~). (4.11)

Usingeq. (4.10) we find that

g(~)= Tr(A 1.5(e)). (4.12)

It can be shown (Cahill and Glauber[1969])that if A is Hilbert—Schmidt(i.e. Tr(A~A)< c~s)then the
function g(~)is squareintegrable.

The threetypes of ordering of the operatorsa andâ~which we wish to considerare definedas
follows:

(i) Normal ordering— A productof m annihilationoperatorsand n creationoperatorsis normally
orderedif all of the annihilationoperatorsareon the right, i.e. if it is in the form (a~)~atm.

(ii) Symmetricordering— A productof m annihilation operators and n creationoperatorscan be
orderedin (n + m)!/n! m! ways. The symmetricallyorderedproduct of theseoperators,denotedby
{(a~)~~m}, is just the averageof all of thesedifferently orderedproducts.For example

{a~a}= ~(a~a+ aa~) (4.13a)

{a~a2}= ~(á~â2+aa~a+ â2â~) (4.13b)

{a~2a2}= ~(a~a2+a÷aa~a+ a~â2a~+ aa~2a+ aa~aa~+ a2a~2). (4.13c)

(iii) Anti-normal ordering— A product of m annihilation operatorsand n creation operatorsis
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anti-normallyorderedif all of the annihilationoperatorsareon the left, i.e. if it is of the form an~(~+)n.
For eachoperatorordering we havea rule which associatesa function of a and a* with a given

operator.The rule is as follows: for any operatororderingschemethe productof m annihilationand n

creation operators,orderedaccording to that scheme,is associatedwith the function (a*)na~~.For
example,if we are consideringnormal ordering the product (á”)~ámis associatedwith (a*)~~amif
anti-normalordering is beingconsideredthenâm(â~)~is associatedwith arn(a*)n. We will now make
the meaning of our rule more explicit by consideringeach of theseorderings and its associated
distributionfunction.

4.1. Normal ordering

Let ussupposethat we can expanda given operatorA(a, ~ in a normally orderedpowerseries

~ C,,m()~Ô~. (4.14)
n.m =0

Let usfurthersupposethat we can expressthe densitymatrix as

= J d2aP(a)~a)(aI (4.15)

whereP(a) is a c-numberandthe state a) is given by eq. (4.5). P(a) is called the P-representationof
the densitymatrix (or the distribution function representingthe densitymatrix) of the particular mode
under study. It should be emphasizedthat both the real and imaginary parts of a are used as the
variables of the distribution function. Also, it is probably worthwhile mentioning again that our
discussionis restrictedto a systemof bosonsand thus the distribution functionsunder study are not
applicableto, for instance,a gasof neutrinos.Also, we are dealingwith avery largebut countableset
sincewe assumedthat the basicdomainis finite.

From eqs.(4.10) and (4.7a)and because(ala+ndnIa)=~ it follows that

Tr(A
15) = ~ J d

2/3 f d2aP(a)~/3IAIa)(aI/3)= J d~aP(a)(aIAIa)

= Jd2aP(a)[ ~ c~m(a*)nam]~Jd2aP(a)AN(a, a*), (4.16)
n.m=0

with

AN(a,a*).(aIAIa)= ~ cnm(a*)narn. (4.17)
n.m~0

Therefore, we associatethe operator A(a, á~)with the function AN(a, a*) in the evaluation of
expectationvalueswith the P-representation.

We now want to derive two expressionsfor P(a) in terms of the density matrix. It is not always
possibleto find a useful representationof ~5of the form given by eq. (4.15). For somedensitymatrices
P(a) would have to be so singular that it would not even be a tempereddistribution (Cahill [19651;
KlauderandSudarshan[1968]).This difficulty will be apparentin our formal expressionfor P(a).
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Let usnow choosefor the operatorA

A = e~”~e~”. (4.18)

The correspondingfunction is then AN(a, a*) = exp(~a*— ~*a). Inserting theseexpressionsinto eq.
(4.16)we find that

XN(~) Tr(j5 e~e~4)= Jd2aP(a)~ (4.19)

The function XN(~)is knownas the normally orderedcharacteristicfunction. The right-handsideof eq.
(4.19)is just a Fouriertransformin a somewhatdisguisedform. In fact onehasthat if

f(a) -~-Jd~e~f(~) (4.20a)

then

J(~)= d2ae~~~f(a), (4.20b)

andvice versa.Therefore,wehavefor P(a)

P(a)= =~sJ d2~e~~’~XN(~). (4.21)

The problemwith this expressionis thatXn(~)can grow ratherrapidly. In fact wehavethat because
exp(~a~— ~*a)is unitary

IXN(~)I= e~SI~2ITr(Jie~~~)I~ e~2’~, (4.22)

which suggeststhe type of behaviorwhich is possible.For example, if j5 = In) (nI, where In) is the
eigenstateof the numberoperatorwith eigenvaluen, then for large I~Iwe have IXN(~)I— I~I2n. This
representation,then, is not appropriatefor all densitymatrices,but, nonetheless,is usefulin many of
the casesof interest.

Finally, we will derive an expressionfor P(a) in terms of a seriesexpansionfor the densitymatrix.
Let ussupposethat we can expressthe densitymatrix as an anti-normally orderedseries

~ pnm~m(~~’. (4.23)
n.m =0

If we againconsiderthe expressionfor A(a, a÷)given by eq. (4.14)we find that

Tr(
15A)= ~ ~ pnmCrsTr(arn(t~)n(a~)ras). . (4.24)

n,m0 r,s0

The tracein eq. (4.24)can be expressedas
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Tr(âm(~±)n+rÔs)= Tr((â)~~râs~rn)

so that

Tr(j~A)= d2a ~ ~ p,,mcrsa*~~arncr*ras. (4.25)

n.m 0 r,s—0

Comparing this with eq. (4.16)we seethat

P(a)= ~ pnma*narn. (4.26)
n,m =0

The difficulties which we had when consideringeq. (4.21) suggestthat we will havesimilar problems
with eq. (4.26). In fact the problem goes back to eq. (4.23). The class of operatorsfor which a
meaningfulanti-normallyorderedexpansionexists is highly restricted.Onecan seethis by considering
the representationfor an operatorgiven by eq. (4.11). ExpandDt(~)= exp(~*a)exp(—~á~)exp(~I2)
in an anti-normally ordered power series and insert it back into eq. (4.11). This gives us an
anti-normally-orderedpowerseriesfor A:

A= ~, d,,~am(a~)~ (427)
n.m =0

with the coefficientsgiven by

dnm = n! rn! ~ J d2~Tr(A15(~))e~S/2(_fl~*)m. (4.28)

For thesecoefficientsto existTr(AD(~))mustbe a very rapidly decreasingfunction of I~I.Our previous
remarksindicatethat this will not be true in generalfor Hilbert—Schmidtoperatorsand,in fact, will not
be true in generalfor operatorsof traceclass(operators,A, for which Tr([AtA]h/2) < x) suchas density
matrices.

It should be mentionedthat normally-orderedpower seriesexpansionsare far better behaved.A
derivationsimilar to the oneabovegivesfor the coefficientscnm in eq. (4.14)

Cnm = n!m!~Id~Tr(AD(~))e~(_fl ~ (4.29)

This clearly exists for a muchwider class of operatorsthan does d,,m. The c,,m’s exist, in fact, for all
Hilbert—Schmidtoperatorsand the seriesconvergesin the sensethat if one takesits matrix element
betweentwo coherentstates,(al on the left and /3) on the right, the resulting seriesconvergesto
(a IA 13).

4.2. Symmetricordering

Before proceedingwith a discussionof the distribution function for this casewe would like to
considera few propertiesof the orderingschemeitself. We first notethat
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= ~~çn_l)~ (7){(a~r-’a’}~ (4.30)

which implies that

~ = ~ ~-~---~~7’~ {(a~)m a’} (4 31)
I,m=O

Our operator-function correspondenceis now donein a way analogousto that of the precedingsection.
Expandan operatorA(â,a~)in a symmetricallyorderedpowerseries

A = ~ bnm {(a~y’~m} (4 32)
n,m 0

The function correspondingto the operatoris then

As(a,a*) ~ bnm(a*)~~am. (4.33)
n.m 0

Underthis correspondencewe seefrom eq. (4.30) that the function .i5(~)goes to

i5(~)= e~’~—~e~*_~*~~. (4.34)

Comparisonwith eq. (4.9) shows us that this is nothing other than Weyl ordering expressedin a
different form. The distributionfunction, therefore,shouldbe theWigner function. As beforewe define
this as the Fourier transformof the characteristicfunctionx(~)(seeeqs. (2.42}-(2.45)) andwe usethe
real andimaginary partsof a = ar + ia, asthe variablesof the distribution function, so that, analogous
to eq. (4.1), a = (2h)t12(Aq+ (i/A)p), whereA = (mw)t’2. Thus

W(a)= ~ J d2~e_~~*~x(~) = ±.Jj d~r~ ~ Tr[
15 e~~’

t]

=~J J d~rd~,Tr[
15 exp{2i~r(ai— (2h)h/2A) — 2i41(a.— (2/1)1/2)}], (4.35)

where

x(~)= Tr(j5 15(e)). (4.36)

It maybe verified, usingeqs. (2.42), (2.45)and (4.35)that

W(a) (2irh)P~(q,p)= 2 J dy ~ ~ (q — yIn)(nI~3Im)(mIq+ y) e
2~”~

1 1/2 1 1/2
= /3 J dy ~ ~ (~ç~)(2mm!) ~2~2~2) e2’~”~Hn(J3(q+ y)) Hm(J3(q— y)) ~/I~~I1m,

(4.37)
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where, in the derivation of the last line from the previousline, we haveused eq. (2.90) and where
/3 = (mw/h)”~and(nI,5Im) = ~1J~IJ~.

Examinationof eqs.(4.11) and(4.34) showsus that thefunction A. which corresponds,by eqs.(4.32)
and(4.33), to the operatorA(a, á~)can alsobe representedas

A~(a,a*) ~ d2~Tr(AD(~))e~~*. (4.38)

We would now like to usethis to showthat

Tr(j5A)=~~~Jd2aAs(a,a*)W(a). (4.39)

Evaluatingthe right-handside we see that

-~-Jd~aA~(a,a*) W(a)= d2aJ ~ W(a). (4.40)

Making use of therelation

= -~J d2~e~e, (4.41)

we find that

if d2a~ W(a)= x(~). (4.42)

We alsohavefrom eqs. (4.11)and (4.36)

(443)

so that

if d2aA~(a,a*) W(a)= f d2~Tr(AD(~))x(-~) = Tr(A
15), (4.44)

which proveseq. (4.39) and shows that A~(a,a*) and W(a)can be used to calculatethe expectation
valuesof symmetricallyorderedoperators.

We would also like to say a word aboutsymmetricallyorderedpower series.Comparisonof eqs.
(4.11) and(4.31) allows us to calculatethe coefficientsappearingin eq. (4.32)

bnm = !‘!~~~fd2~Tr(A15(~))(_~(~*)m• (4.45)
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These coefficients, then, will exist for all operatorswhich have the property that all momentsof
Tr(AD(~))are finite. While thisbehavior is not as good asthat for a normally orderedpowerseriesit is
certainlybetterthan that of anti-normallyorderedseries.

It is alsoof interestto examinethe behaviorof W(a). First we note that

-~--Jd2~lx(~)I2= -~J d2~Tr[Tr(j$IS(~))J.5_t(~)~5]= Tr ~2 ~ 1 (4.46)

so that x(~)is a squareintegrablefunction. As W(a) is just the Fourier transform of x(~)it too is
squareintegrable. Therefore, W(a) is far better behavedthan P(a) and will exist for all density
matrices.

It is also possible to expressthe Wigner distribution in terms of the P representation.If we can
representthe densitymatrix as in eq. (4.15)we thenhavethat

x(~)= J d2f3 P(/3)(131 e~~*a/3) = J d~/3F(J3)e~~2/2. (4.47)

Taking the Fourier transformof x(~)gives us, with the useof eqs. (4.35) and(4.37),

W(a)= -~—J d~
5~J d

2/3 P(J3)~ e’~~e_~2/2

= -~--J d~/3J d2~P(J3)e~_~_*~_~S/2

= 2 Jd2J3P(J3)e_2~_~S. (4.48)

4.3. Anti-normal ordering

Let ussupposethat we havean operatorgiven by an anti-normallyorderedpower seriesas in eq.
(4.27).The function correspondingto the A of eq. (4.27) is then

Aa(a,a*) ~ dnmarn(a*)m. (4.49)
n.m 0

By analogywith our discussionof the P representation(eq. (4.26)) we can thenexpressA(â, â~)as

A(â, a~)= ~ J d2aAa(a, a*) Ia) (aI. (4.50)

We thenhavethat

Tr(j3A) = -~-Jd2aAa(a,a*)Tr(
131a)(aI)= J d

2aAa(a, a*) 0(a), (4.51)
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wherewe haveset (Kano [1965])

0(a)= ~-(a I,51a). (4.52)

This distribution can alsobe expressedin termsof a characteristicfunction

XA(~)= Tr(13 er~t e~*). (4.53)

We havethat

XA(~)= -~-f d
2a (ale~~3e~*aIa)= ~ J d2ae~”~(alñla) (4.54)

so that

0(a) = -~J d2~e~*~*~XA(fl

= —~sff d2~d2f3 ~ e~ (/3I~I/3)= (aI,31a). (4.55)

Again by consideringour derivationof the P representationwe can derive an alternateexpression
for Aa(a, a*). Examiningeq. (4.21) wesee that

Aa(a, a*) = -~-Jd2~~ Tr(A e~e~*â). (4.56)

The “function” Aa(a, a*) has, of course,all of the singularityproblemsof the P representation.
The distributionfunction, 0(a), has,on theotherhand, no singularityproblemsat all. It existsfor all

densitymatrixes,is bounded,andis evengreaterthan or equalto zero for all a. The problemsin this
orderingschemearisein the representationof the operators.

As a final remark,we notethat all of thedistributionfunctionscan bewritten in termsof the Wigner
distributionfunction (McKenna andFrisch [1966];Agarwal andWolf [1970];Haken [19751;O’Connell
[1983b]),by useof integralsor derivatives.

4.4. Examples

We would now like to calculate0(a) and P(a) for a single modeof the radiation field of angular
frequency w. The system which we will consider will be a canonical ensembleat temperature
T (kf3)’. Our discussionwill follow that given in Nussenzveig[1973].

We first considerthe anti-normaldistributionfunction 0(a).The densitymatrix for this systemis

= (1 — e~Th’~’)~ e”~’~’In) (nI. (4.57)
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For 0(a)we thanhavefrom eq. (4.52)

0(a)= (1— e_lsh~0) ~ e’~” (aln)(nla)

~ e~”~’°e_~2
1~j_

n=0 n!

= ~i~(1- e~’°)exp[—1a12 (1— e~’°)]. (4.58)

To obtainP(a) we makeuseof our result for 0(a).We first find XA(~) from eq.(4.54). If we set

s(1_e~*~~), ~=x+iy, a=r+ik (4.59)

then

XA(~)= -~-J d2ae~n e~~2= -~-J dr J dk exp{—2i(kx— ry) — s(r2+ k2)}

= -~-J dr J dk exp{—s(r— iy/s)2— s(k+ ixls)2} exp{—(x2+ y2)/s}= e~2”. (4.60)

To calculateXN(~),given by eq. (4.19),we now usethe generalrelation

XN(~)= Tr(j5 e~”~e_~*â)= Tr(
15 ~ e~’~)e~

2= e~2XA(~). (4.61)

Therefore,we seethat

XN(~)= exp{—I~I2(1— s)/s}. (4.62)

If we set A = (1 — s)/s= (e~’— 1)1 then from eq. (4.21)we have

P(a)= -~J d2~e’~’’~e~~2= —~Jdx J dy exp{2i(kx — ry) — A(x2 + y2)}

= —~e~2~= l(es*w — 1) exp[—IaI2 (e~~0— 1)]. (4.63)

For this system P(a) is a well-behavedfunction, a Gaussianin fact, and hasno singularities.It is
evenpositivedefinite. 0(a) is alsowell behaved,but thiscomesas no surprise.Our generaldiscussion
hadensuredthat this wouldbe the case.

4.5. Distribution functionson four-dimensionalphasespace

We would now like to briefly discusssomedistribution functionswhich are functionson a four-
ratherthan a two-dimensionalphasespace.The first of these,the R representation,was discussedby
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Glauberin his1963 paper.It is very well behavedbut hasfound little usein applications.More recently
a new classof thesedistributions,the generalizedP representations,hasbeenusedto studythe photon
statisticsof various non-linearoptical devices[Walls,DrummondandMcNeil [1981];Drummondand
Gardiner[1980];Drummond,GardinerandWalls [1981]).

The R representationof the densitymatrix is obtainedby using the coherentstateresolutionof the
identity twice. Onehas

= -~Jd2a J d2f3 exp{-~(IaI2+I/312)} R(a*, /3) Ia) (/3I~ (4.64)

where a) is definedin eq. (4.5) and /3) hasthe correspondingmeaning,and

R(a*,13)= exp{~(IaI2+I13I2)}(aI,5I13). (4.65)

This representationhasno singularity problems.Also it exists and is uniquefor all densitymatrices
providedthat R(a*, /3) is an analyticfunctionof a* and/3 (Glauber[1963b]).It can be usedto evaluate
normally orderedproducts.Onehas

((á~atm) = Tr[~(â~Ôtm] =~fd2a J d2/3 exp{-(~aI2+I/3I2)+ /3*a} R(a5, /3)am(/3*)~ (4.66)

The generalizedP representations(Drummondand Gardiner [1980];Drummond, Gardiner and
Walls [1981])areagainfunctionsof two complexvariablesbut arenot necessarilydefinedfor all values
of thesevariables.To definetheserepresentationswe definethe operator

A(a,/3)= Ia)(13*I/(13*Ia) (4.67)

andan integrationmeasured~(a,/3). It is the choice of this measurewhich determinesthe distribution

function. We will considertwo different choices.The densitymatrix is then

,~rrJ d~(a,/3)P(a,/3)A(a,/3), (4.68)

whereD is the domainof integration.Normally orderedproductsare then given by

((a~ (a)tm) f d~(a,/3)P(a,/3)/3~am. (4.69)

Our first integration measureis d~t(a,/3) = da d/3 where a and /3 are to be integratedon some
contoursC and C’ respectively.This gives rise to what is called the complexP representation.Let us
consider the case in which C and C’ are contourswhich enclosethe origin. One can then show
(DrummondandGardiner [1980])that if the densitymatrix is of the form

j5=~~cnmjn)(mI, (4.70)
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where both sums are finite then P(a,/3) exists and is analytic when neithera nor /3 is 0. Whether
P(a, /3) exists for a generaldensity matrix is not known. The complex P representationis also not
unique; if one complexP representationexists for a given densitymatrix, then an infinite numberof
representationexist.

The secondmeasurewhich we wish to consideris d~i(a,/3) = da2d/32. Becausethe coherentstates
are linearly dependentsuch a representationis not unique. In fact we have encounteredone
representationof this type already,the R representation.It is possibleto chooseP(a,/3) so that it is
real andnon-negative(DrummondandGardiner[1980]),i.e.

P(a,13) = (1/4ir2)exp{—~Ia— p*I2} (~(a+ /3*)I15I~(a+ /3*)). (4.71)

This representation,the positiveP representation,is definedfor all densitymatrices.
These two distributionshavebeen used in problemsin which non-classicalphoton states(states

which are more like numberstatesthan coherentstates)are produced.Under theseconditions the
abovedefinedgeneralizedP representationsarebetterbehavedthanthe original P representation.For
example,the P representationcorrespondingto a densitymatrix ~3= In) (nI containsderivativesof delta
functionsup to order2n. On the other hand,the complexP representationfor thisstate (againdefined
on two contoursC andC’ encirclingthe origin) is just (Drummondand Gardiner[1980])

P(a, /3) = —(1/4ir2) n! e’~(1/a/3)’~t (4.72)

while the positiveP representationis, from eq. (4.70)

P(a, /3)= (1/41T2)(1/n!) exp{—~Ia— /3*I2} exp{—~Ia+ 13*12} I~(a+ /3*)12n (4.73)

Both of thesefunctionsarefar lesssingularthanthe original P representation.
Theoriginal motivation for the introductionof thesegeneralizedP distributionswas connectedwith

their practicalapplicability to the solution of quantummechanicalmasterequations(Drummondand
Gardiner[1980];Drummond,GardinerandWalls [1981]).In general,usingacoherentstatebasis,it is
possibleto developphase-spaceFokker—Planckequationsthat correspondto quantummasterequations
for the densityoperator(Haken[1970];Louisell [1973]).Fromthis equationobservablesareobtainedin
terms of momentsof the P function. However, for various problems,as for example the analysisof
recentexperimentson atomicfluorescence(Kimble, DagenaisandMandel[1978])wherewe aredealing
with non-classicalphotonstatistics(CarmichaelandWalls [1976]),the Glauber—SudarshanP function is
singular whereasthe generalizedP function discussedabove is not. Also, use of the latter leadsto
Fokker—Planckequationswith positivesemi-definitediffusion coefficientswhereasthe formergives rise
to non-positive-definitediffusion coefficients. In particular, the generalizedP representationswere
applied successfully to non-linear problemsin quantum optics (two-photon absorption; dispersive
bistability; degenerateparametricamplifier) andchemical reactiontheory (Drummondand Gardiner
[1980];Drummond, Gardinerand Walls [1981];Walls and Milburn [1982]).On the other hand, the
usefulnessof the Wignerdistribution in quantumopticshasbeendemonstratedin a paperby Lugiato,
CasagrandeandPizzuto [1982]whoconsidera systemof N two-level atomsinteractingwith a resonant
moderadiation field andcoupledto suitablereservoirs.The presenceof anexternalCW coherentfield
injectedinto the cavity is also included,which allows for the possibility of treatingopticalbistability
(which occurswhen anon-linearoptical medium,interactingwith a coherentdriving field, hasmore
thanone stablesteadystate)as well as a laserwith injectedsignal.



166 M. Hillery et a!., Distribution functionsin physics:Fundamenta!s

5. Conclusion

We havegiven what we hopeis a useful summaryof someof the formalismsurroundingthe use of
quantummechanicalquasiprobabilitydistribution functions. To be of use, however, the formalism
should either provide insight or convenientmethodsof calculation. In our next paper dealing with
applicationswe hopeto showthat thisparticularformalismdoesboth in that it hasproven to be a tool
of greateffectivenessin many areasof physics.
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